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EIGENVALUES OF PERIODIC DIFFERENCE OPERATORS ON LATTICE
OCTANT
EVGENY KOROTYAEV
Abstract. Consider a difference operator H with periodic coefficients on the octant of the
lattice. We show that for any integer N and any bounded interval I, there exists an operator
H having N eigenvalues, counted with multiplicity on this interval, and does not exist other
spectra on the interval. Also right and to the left of it are spectra and the corresponding
subspaces have an infinite dimension. Moreover, we prove similar results for other domains
and any dimension. The proof is based on the inverse spectral theory for periodic Jacobi
operators.
1. Introduction and main results
We consider a operator H = H1 +H2 + V acting on domain D and V is the multiplication
operator on ℓ2(D):
(V f)z = V (z)fz , f = fz, z = (x, y) ∈ D = Zd1+ × Zd2 ⊂ Zd, (1.1)
d1 + d2 = d > 2, d1, d2 > 0. Here H1 is the difference operator on the octant Z
d1
+ with the
Dirichlet boundary conditions on the boundary ∂Zd1+ (i.e., g = 0 on Z
d1 \Zd1+ in (1.2)) and H2
is the difference operator on Zd2 defined by
(H1g)x =
d1∑
i=1
(aix−ςigx−ςi + a
i
xgx+ςi), x ∈ Zd1+ , g = (gx) ∈ ℓ2(Zd1+ ),
(H2u)y =
d∑
i=d1+1
(aiy−ςiuy−ςi + a
i
yuy+ςi), y ∈ Zd2 , u = (uy) ∈ ℓ2(Zd2).
(1.2)
Here ς1 = (1, 0, 0, ..), ..., ςd = (0, 0, 0, .., 1) is the standard basis in Z
d and Z+ = {1, 2, 3, ...}.
We assume that the potential V and the coefficients ai are real octant periodic, i.e., they have
decompositions (1.3). In order to define octant periodic functions we introduce a sequence
ω = (ωj)
m
1 , where ωj = + or ωj = − and the set of all such sequences we denote by Ωm. For
any ω ∈ Ωm we define the octants Zω ⊂ Zm by
Zω = Zω1 × Zω2 × ....× Zωm , ω = (ωj)m1 ∈ Ωm, Z− = Z \ Z+ = {...,−3, ,−2,−1, 0}.
In particular, if d = 2 and ω = (+,+), then we have the positive octant Zω = Z2+. Note that
two axial lines (x1 =
1
2
, x2 =
1
2
) divide space Z2 into four quadrants, each with a coordinate
signs from (−,−) to (+,+).
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A function F (z), z = (x, y) ∈ Zd1+ × Zd2 is called octant periodic if it has the decomposition
F (x, y) =
∑
ω∈Ωd2
Fω(x, y)χω(y), (1.3)
where χω is the characteristic function of the octant Zω and the function Fω(z), z = (x, y) is
periodic in Zd and satisfies
Fω(z + piςi) = Fω(z), for all (z, i) ∈ Zd × Nd (1.4)
for some constants pi = pi(ω) > 0, where Nd = {1, 2, ..., d}.
For each ω ∈ Ωd we define difference operators Hω with periodic functions aω,i, Vω on Zd by
Hωf =
d∑
i=1
((aω,iz fz+ςi + a
ω,i
z−ςifz−ςi)) + Vω, f = (fz) ∈ ℓ2(Zd). (1.5)
It is well known that the spectrum of each operator Hω is absolutely continuous and is an
union of a finite number of bounded intervals. In the next theorem we show the existence of
eigenvalues of H with some octant periodic functions aω,iz and Vω.
Theorem 1.1. i) Let an operator H be given by (1.1), (1.2) with octant periodic coefficients.
Then ⋃
ω∈Ωd2
σ(Hω) ⊆ σess(H). (1.6)
ii) Let I ⊂ R be a finite open interval. Then for any integer N > 0 there exists an operator
H given by (1.1), (1.2) and having N eigenvalues, counted with multiplicity on this interval,
and does not exist other spectra on the interval. Also right and to the left of it are spectra and
the corresponding subspaces have an infinite dimension.
Remark. 1) The result of i) is standard and its proof is based on the Floquet theory.
2) We do not know any information about absolutely continuous spectrum of H . We only
show that the operator H can have any number N > 1 of eigenvalues for specific coefficients.
3) In the case of the continuous Schro¨dinger operator with octant periodic potentials on Rd
the top of the spectra is a isolated simple eigenvalue for specific potentials [34]. In the discrete
case we have no any information about it.
1.1. Historical review. Firstly we discuss the continuous case. The one dimensional model
of octant periodic potentials on R1 is considered by Korotyaev [22], [21]. The corresponding
multidimensional model of octant periodic potentials is considered recently by Korotyaev and
Moller [34]. Hempel and Kohlmann [7],[8] discuss different types of dislocation problem in
solid state physics.
Secondly, we discuss the discrete case. Local defects are considered by different authors. For
the discrete Schro¨dinger operators most of the results were obtained for uniformly decaying
potentials for the Z case, see, for example, [45]. There are results about spectral properties
of discrete Schro¨dinger operators on the lattice Zd, the simplest example of periodic graphs.
Schro¨dinger operators with decaying potentials on the lattice Zd are considered by Boutet de
Monvel-Sahbani [4], Hundertmark-Simon [10], Isozaki-Korotyaev [15], Isozaki-Morioka [17],
Korotyaev-Moller [28], Nakamura [38], Parra and Richard [40], Rosenblum-Solomjak [42],
Shaban-Vainberg [43] and see references therein. Gieseker-Kno¨rrer-Trubowitz [11] consider
Schro¨dinger operators with periodic potentials on the lattice Z2. Korotyaev-Kutsenko [25]
EIGENVALUES OF PERIODIC DIFFERENCE OPERATORS ON LATTICE OCTANT 3
study the spectra of the discrete Schro¨dinger operators on graphene nano-ribbons in external
electric fields. The inverse spectral theory for the discrete Schro¨dinger operators with finitely
supported potentials on some graphs were discussed by Ando [1], Ando-Isozaki-Morioka [2],
[3], Isozaki-Korotyaev [15]. Scattering on periodic metric graphs was considered by Korotyaev-
Saburova [29]. Laplacians on periodic graphs with non-compact perturbations and the sta-
bility of their essential spectrum were considered in [9], [44]. Korotyaev-Saburova [30], [31]
considered Schro¨dinger operators with periodic potentials on periodic discrete graphs with by
so-called guides, which are periodic in some directions and finitely supported in others. They
described some properties of so-called guided spectrum. Note that line defects on the lattice
were considered in [5], [35], [36], [39]. Hempel, Kohlmann, Stautz and Voigt [9] discussed
nano-tubes with a dislocation.
We shortly describe the plan of the paper. In Section 2 we present the main properties of
the periodic Jacobi operator on the half lattice Z+. In Section 3 we discuss half-solid models
on the lattice Z. Section 4 is a collection of needed facts about difference operators on D,
when the variables are separated. In Section 5 we prove main theorems.
2. Periodic Jacobi operators on the half-lattice
2.1. Periodic Jacobi operators. Let N± = {±1,±2,±3, ...}. Recall that N+ = Z+ =
{1, 2, 3, ...} and Z− = Z \Z+. We consider the p-periodic Jacobi operator J± on ℓ2(N±) given
by
(J±f)x = ax−1fx−1 + axfx+1 + bxfx, f0 = 0, x ∈ N±, (2.1)
and in particular,{
(J
−
yf)−1 = a−3f−3 + a−2f1 + b−2f−2,
(J
−
yf)−1 = a−2f−2 + b−1f−1, f1 = 0
,
{
(J
+
f)2 = a1f1 + a2f3 + b2f2,
(J
+
f)1 = a1f2 + b1f1 f0 = 0
,
where ax > 0, bx ∈ R, x ∈ Z are p periodic sequences and the product
∏p
1 aj = 1. It is well
known that the spectrum of J
±
has absolutely continuous part σac(J−) = σac(J+) (the union
of the bands σ0, σn, n ∈ Np−1 separated by gaps γn) plus at most one eigenvalue of J− or J+
in each non-empty gap γx, n ∈ Np−1. The bands σn and gaps γn are given by
σ0 = [λ
+
0 , λ
−
1 ], σn = [λ
+
n , λ
−
n+1], γn = (λ
−
n , λ
+
n ), n ∈ Np−1,
λ+0 < λ
−
1 6 λ
+
1 < ... < λ
−
p−1 6 λ
+
p−1 < λ
−
p ,
(2.2)
(see Fig. 1) and recall that Np = {1, 2, ..., p}. The bands satisfy (see e.g., [37], [33])
p−1∑
n=0
|σn| 6 4. (2.3)
If a gap γn is degenerate, i.e. |γn| = 0, then the corresponding segments σn, σn+1 merge. We
introduce fundamental solutions ϕ = (ϕx(λ))x∈Z and ϑ = (ϑx(λ))x∈Z of the equation
ax−1fx−1 + axfx+1 + bxfx = λfx, (λ, x) ∈ C× Z, (2.4)
with initial conditions ϕ0 = ϑ1 = 0 and ϕ1 = ϑ0 = 1. Recall that the zeros of ϕx(λ) are real,
simple and strictly interlace those of ϕx+1(λ). Moreover, the zeros of ϑx(λ) are real, simple
and strictly interlace those of ϕx(λ). Define the Lyapunov function F by
F(λ) =
1
2
(ϕp+1(λ) + ϑp(λ)), λ ∈ C.
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Figure 1. The cut domain C \ ∪σn and the cuts (bands) σn = [λ+n , λ−n+1], n = 0, 1, ...
We recall the well known asymptotics as λ→∞:
ϑx(λ) = −
a0λ
x−2(1 +O( 1
λ
))
a1..ax−1
, ϕx(λ) =
λx−1(1 +O( 1
λ
))
a1..ax−1
, (2.5)
F(λ) =
λp
2
+O(λp−2).... (2.6)
The functions F, ϕx and ϑx, x > 1 are polynomials of (λ, a, b) ∈ C2p+1. We have the following
identities
σac(J±) = {λ ∈ R : |F(λ)| 6 1} and (−1)p−nF(λ±n ) = 1, n = 0, 1, 2, ...., p.
For any sequences u = (ux)
∞
−∞, f = (fx)
∞
−∞ we define the Wronskian
{f, u}x = ax(fxux+1 − uxfx+1), x ∈ Z. (2.7)
If f, u are some solutions of (2.4), then {f, u}x does not depend on x. In particular, we have
ϑpϕp+1 − ϕpϑp+1 = 1, (2.8)
since {ϑ, ϕ}p = ap(ϑpϕp+1 − ϕpϑp+1) = {ϑ, ϕ}0 = a0. Thus we obtain
F2o − F2 + 1 = −ϕpϑp+1. (2.9)
We define the Jacobi operator JD on Np−1 with the Dirichlet boundary conditions by
(JDf)x = ax−1fx−1 + axfx+1 + bxfx, x ∈ Np−1, f0 = fp = 0. (2.10)
Denote its corresponding Dirichlet eigenvalues by µn, n ∈ Np−1. It is well known that the
eigenvalues µn are simple and are zeros of the polynomial ϕp(λ) and satisfy
µn ∈ [λ−n , λ+n ] for all n ∈ Np−1. (2.11)
2.2. Riemann surface. For the operator J± we introduce the two-sheeted Riemann surface
Λ obtained by joining the upper and lower rims of two copies of the cut plane C \ σac(J+) in
the usual (crosswise) way. We denote the n-th gap on the first physical sheet Λ1 by γ
1
n and
the same gap but on the second nonphysical sheet Λ2 by γ
2
n, and set a circle gap γ
c
n by
γcn = γ
1
n ∪ γ2n for all n ∈ Np−1,
see Fig. 2. Note that Λ is the two-sheeted Riemann surface for
√
1− F2(λ). The polynomial
F(λ) is real on the real line. We use the standard definition of the root:
√
1 = 1 and fix the
branch of the function f(λ) =
√
1− F2(λ) on C by demanding
f(λ) =
√
1− F2(λ) < 0, for λ ∈ (λ+p−1, λ−p ). (2.12)
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Figure 2. The two-sheeted Riemann surface with the open gap (λ−1 , λ
+
1 ) and the circle gap
2.3. Bloch functions. Define the cut spectral domain L and the cut quasimomentum domain
Kp by
L = C \ ∪p−1n=1γn, Kp =
{
− πp < Re k < 0
}
\ ∪p−1n=1Γn,
Γn = (πn+ ihn, πn− ihn), ch hn = max
λ∈γn
|F(λ)| = (−1)n−pF(αn),
(2.13)
where hn > 0 is defined by the equation cosh hn = |F(αn)|, where αn is a zero of F′(λ) in
the close gap [λ−n , λ
+
n ]. For each Jacobi operator J± there exist a unique conformal mapping
k : L → Kp such that F(λ) = cos k(λ), λ ∈ L and following identities and asymptotics hold
true:
k(L) = Kp, k(C±) = Kp ∩ C±, k(γn ± i0) = Γn ∩ C±,
k(λ)→ ±i∞ as Im λ→ ±∞, (2.14)
see [41]. The quasimomentum k(λ) satisfies σac(J±) = {λ ∈ R; Im k(λ) = 0}. We define the
Bloch functions functions ψ±x and the Weyl-Titchmarsh function m± by
ψ±x (λ) = ϑx(λ) +m±(λ)ϕx(λ), m±(λ) =
Fo(λ)± i sin k(λ)
ϕp(λ)
, λ ∈ Λ1, (2.15)
where sin k(λ) =
√
1− F2(λ), λ ∈ Λ1 and satisfies (2.12). Due to the properties of sin k(λ) =√
1− F2(λ), λ ∈ Λ1 the functions ψ±x and m± have analytic extensions from the first sheet Λ1
onto the whole two-sheeted Riemann surface Λ. Let k = u(λ) + iv(λ).
2.4. Eigenvalues and resonances. It is well known (see e.g. [12]) that, for each finitely
supported f ∈ ℓ2(N±), f 6= 0, the function g(λ) = ((J± − λ)−1f, f) has a meromorphic
extension from the physical sheet Λ1 into the whole Riemann surface Λ. It is well known that
the function g(λ) has only tree following kinds of singularity on Λ:
• g has a pole at some λo ∈
p−1⋃
n=1
γ
(1)
n ⊂ Λ1 for some f and λo is an eigenvalue of J±.
• g has a pole at some λo ∈
p−1⋃
n=1
γ
(2)
n ⊂ Λ2 for some f and λo is called a resonance of J±.
• The function g(λo + z2) has a pole at z = 0 for some λo ∈ {λ+n , λ−n }, n = Np−1 and λo is
called a virtual state of J±.
We call λo a state if λo is an eigenvalue or a resonance or a virtual state. It is well known that
if some gap γn 6= ∅, n ∈ Np−1, see e.g., [12], then the operator J± has exactly one state µ±n on
each ”circle” gap γcn and there are no others. The projection of µ
±
n ∈ γcn onto the complex plane
coincides with the eigenvalue µn of the operator JD with the Dirichlet boundary conditions
(2.10). There are no other states of J±. If there are exactly n• > 1 non-degenerate finite gaps
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in the spectrum of σac(J±), then the operator J± has exactly n• states; the closed gaps γn = ∅
and the semi-infinite gaps (−∞, λ+0 ) and (λ−p ,∞, ) do not contribute any states. In particular,
if γn = ∅ for all n ∈ Np−1, then all an = 1, bn = 0 (see e.g., [23]) and thus J± has no states. A
more detailed description of the states of J± is given below.
Lemma 2.1. Let λ ∈ Λ1 \ {µj, j ∈ Np−1}. Then
m±(λ) =
e±ik(λ) − ϑp(λ)
ϕp(λ)
=
ϕp+1(λ)− e∓ik(λ)
ϕp(λ)
, (2.16)
m+m− = −ϑp+1
ϕp
, (2.17)
and
ψ±0 (λ) = 1, ψ
±
p (λ) = e
±ik(λ),
ψ±1 (λ) = m±(λ), ψ
±
p+1(λ) = e
±ik(λ)m±(λ).
(2.18)
Remark. This relation (2.17) considered at zeros of ϕp(λ) shows that if µ
±
n ∈ γcn 6= ∅,
n ∈ Np−1, is not a virtual state then we have:
• m± has simple pole at µ±n and the function m∓ is regular at µ±n .
• The solutions ψ±n (λ) is regular at µ±n iff the other ψ∓n (λ) has simple poles at µ±n ∈ γcn.
Proof. Let for shortness ϑx = ϑx(·), ϕx = ϕx(·), ... We consider the case +, the proof for the
case − is similar. Using the definitions F = ϕp+1+ϑp
2
= cos k and Fo =
ϕp+1−ϑp
2
we obtain
eik − ϑp = F+ i sin k − ϑp = Fo + i sin k,
ϕp+1 − e−ik = ϕp+1 − F+ i sin k = Fo + i sin k,
which yields (2.16). From (2.9), (2.8) we obtain
ϕ2pm+m− = F
2
o − (F2 − 1) = 1 + ϑpϕp+1 = −ϕpϑp+1,
which yields (2.17). We show (2.18). From (2.4) at n = 0 and n = p and (2.16) we have
ψ+0 = 1, ψ
+
1 = ϑ1 +m±ϕ1 = m+, ψ
+
p = ϑp + (e
ik − ϑp) = eik. (2.19)
From (2.16), (2.8) we have
ψ+p+1 = ϑp+1 +
eik − ϑp
ϕp
ϕp+1 =
ϑp+1ϕp + (e
ik − ϑp)ϕp+1
ϕp
=
ϕp+1e
ik − 1
ϕp
= eikm+,
which yields (2.18).
We recall the results from [12]
Lemma 2.2. Let a finite gap γn 6= ∅ for some n ∈ Np−1. Then
i) the operator J± has exactly one state µ
±
n on γ
c
n = γ
1
n ∪ γ2n and its projection on C coincides
with the Dirichlet eigenvalue µn.
ii) the state µ±j ∈ γ1n iff the state µ∓j ∈ γ2n. Moreover, if µ±n ∈ {λ+n , λ−n } is a virtual state, then
µ+n = µ
−
n .
iii) Let µ+j ∈ γ1n be an eigenvalue of J+. Then ϕ(µ+j ) ∈ ℓ2(Z+).
iv) Let λo ∈ γcn 6= ∅ be a state of J+ for some n ∈ Np−1. Then
if |ϕp+1(λo)| < 1⇒ λn ∈ γ1n,
if |ϕp+1(λo)| > 1⇒ λo ∈ γ2n,
if |ϕp+1(λo)| = 1⇒ λo ∈ {λ+n , λ−n }
(2.20)
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Proof. The proof of i)-iii) is standard (see e.g. [12]).
iv) Let µn ∈ {λ−n , λ+n }. The Lyapunov function ϕp+1(µn)+ϑp(µn) = (−1)s for some s = 1, 2
and from the Wronskian we obtain ϕp+1(µn)ϑp(µn) = 1, then |ϕp+1(µn)| = 1.
Let µn ∈ γn. Due to periodicity we have
ϕj+p(λ) = Aϕj(λ) +Bϑj(λ)
and then at j = 0, 1 we have B = ϕp(λ) and A = ϕp+1(λ). Thus at λ = µn we obtain
ϕj+p(µn) = Aϕj(µn), A = ϕp+1(µn). Thus we have (2.20).
2.5. Inverse problem. We need the following results from the inverse spectral theory for
the operator J+ on the half-line, in the form convenient for us. Let v1x = log ax ∈ R, v2x = bx.
We can take (ax, bx) as a vector v in the form:
v = (v1x, v2x)
p
1 ∈ H 2, H :=
{
b ∈ Rp :
p∑
1
bx = 0
}
. (2.21)
Here we have (v1x)
p
1 ∈ H , since
∏p
1 ax = 1. Using symmetrization, we construct a gap length
mapping ψ : H 2 → R2p−2 by
v → ψ(v) = (ψx(v))p−11 , ψx = (ψ1x, ψ2x) ∈ R2,
and the components have the form
ψ1n =
λ+n + λ
−
n
2
− µn, ψ2n =
∣∣∣∣ |γn|24 − ψ21n
∣∣∣∣ 12 ηn,

ηn = 1 if µ
+
n ∈ γ1n,
ηn = −1 if µ+n ∈ γ2n,
ηn = 0 if µ
+
n ∈ {λ+n , λ−n }
. (2.22)
Due to (2.20) we have ηn = sign log |ϕp+1(µn)| and note that ϕp+1(µn) 6= 0. In order to
construct the vector ψ we need: the gap length |γn|, ψ1n and the sign ηn for all n ∈ Np−1. We
formulate the result about the mapping ψ, which is similar to results from [23] and it is some
analogous of the gap-length mapping for periodic Schro¨diger operators on R+ from [24].
Theorem 2.3. The mapping ψ : H 2 → R2p−2 given by (2.22) is a real analytic isomorphism
between H 2 and R2p−2.
Proof. In [23] we consider the mapping, where µn are the zeroes of ϑp+1(λ), i.e. , we use
the Neumann eigenvalues. In the present paper we discuss the case, where µn are the zeroes of
ϕp(λ), i.e. , we use the Dirichlet eigenvalues. We omit the proof of theorem for the Dirichlet
eigenvalues, since it is very similar to the case of the Neumann eigenvalues in [23].
3. One dimensional half-solid
We discuss a half-solid model in Z. In this case we consider the Jacobi operator Tτ , τ ∈ R
on ℓ2(Z) given by
(Tτf)x = ax−1fx−1 + axfx+1 + bxfx, n ∈ Z, (3.1)
where τ > 1 is large enough and the coefficients ax, bx satisfy{
ax, bx, x > 1, are p− periodic,
∏p
1 aj = 1,
ax = 1, bx = τ, x 6 0
. (3.2)
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By the physical point of view, bx, x > 1 is a crystal potential and the real constant τ is the
vacuum potential. Define two operators J+ on ℓ
2(Z+) and Jτ on ℓ
2(Z−) by
(J+f)x = ax−1fx−1 + axfx+1 + bxfx, x > 1, f0 = 0,
(Jτf)x = fx−1 + fx+1 + τfx, x 6 0, f1 = 0.
(3.3)
Let P± be the projector from ℓ
2(Z) onto ℓ2(Z±). We rewrite the operator Tτ in the form
TτP± = J±P±,

(Tτf)1 = a0f0 + (J+P+f)1
(Tτf)−1 = f0 + (JτP−f)−1
(Tτf)0 = f−1 + a0f1 + τf0
. (3.4)
In fact, we discuss the case of one-dimensional octant periodic potentials in the specific form
given by (3.2). In order to describe the spectrum of Tτ we use some properties of the operator
J+ on the half-line Z+ from Section 2. We recall needed results about operators Tτ . We have
the following simple results about the spectrum of σ(Tτ ) given by
σ(Tτ ) = σac(Tτ ) ∪ σd(Tτ ), σac(Tτ ) = σac(J+) ∪ σac(Jτ ), σac(Jτ ) = [τ − 2, τ + 2]. (3.5)
Recall that we assume that the parameter τ > 1 is large enough. In this case we have
σac(Tτ ) = ∪pn=0σn(Tτ ), σn(Tτ ) = σn(J+), n = 0, 1, .., p− 1, σp(Tτ ) = [τ − 2, τ + 2]. (3.6)
Thus, all possible gaps in the spectrum σac(Tτ ) are given by
γn(Tτ ) = γn(J+), n ∈ Np−1, γp(Tτ ) = (λ+p , τ − 2). (3.7)
We begin to describe eigenvalues of Tτ . For the operator Tτ we introduce the Jacobi equation
ax−1fx−1 + axfx+1 + bxfx = λfx, x ∈ Z. (3.8)
For the operator J+ we define the Weyl function ψ
+
x by
ψ+x = ϑx +m+ϕx, x > 1, (3.9)
where ϑx, ϕx are solutions of the equation (3.8) under the conditions ϕ0 = ϑ1 = 0 and
ϕ1 = ϑ0 = 1. Note that ψ
+
x depends on ap, ax, bx, x > 1 only.
For the operator Jτ we define the Weyl function ψ
−
x , x 6 0. The equation (3.8) has the form
ψ−x−1 + ψ
−
x+1 = (λ− τ)ψ−x = (z +
1
z
)ψ−x , x 6 0, (3.10)
where z ∈ D1 = {λ ∈ C : |λ| < 1} is defined by λ− τ = z + 1z . Thus we have
ψ−x = z
−x, x 6 1,
z = z(λ) = t−√t2 − 1 ∈ D1, t = λ− τ
2
,
z(λ) =
1
2t
+
O(1)
t3
as t→∞.
(3.11)
For the operator Tτ we introduce the Weyl-type functions Ψ
±
x (λ), which are solutions of the
equation (3.8) and satisfy
(Ψ±x (λ))x∈Z± ∈ ℓ2(Z±), ∀ λ ∈ L := C \ σac(Tτ ).
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For λ ∈ L they have the forms
Ψ+x (λ) = ψ
+
x (λ) = ϑx(λ) +m+ϕx(λ), n > 1;
Ψ−x (λ) = z
−n, n 6 1.
(3.12)
These functions Ψ±x (λ) are analytic in the cut domain L and are continuous up to the boundary.
We compute Ψ+0 . From (3.8) and (3.12), we get
Ψ+0 + a1ψ
+
2 + (b1 − λ)ψ+1 = 0⇔ Ψ+0 − ap = 0⇔ Ψ+0 = ap. (3.13)
Thus due to (3.12) -(3.13) and a0 = 1 we obtain
w = {Ψ−,Ψ+}0 = a0(ψ−0 ψ+1 −Ψ+0 Ψ−1 ) = m+ −
ap
z
. (3.14)
The function w(λ) is analytic on the domain L and has finite number of zeros, which are
simple and coincide with eigenvalues of the operator Tτ . In Lemma 3.1 we show that in each
open gap γj(Tτ ) 6= ∅, j ∈ Np−1 there is at most one eigenvalue µj(τ) ∼ µj at large τ . We
discuss the eigenvalues of Tτ in the gaps γn(Tτ ), n > 0, and determine how these eigenvalues
depend on τ large enough.
Lemma 3.1. Let the operator J+ on ℓ
2(Z+) defined by (3.3) have an open gap I = (λ
−, λ+)
in the continuous spectrum and an eigenvalue µ ∈ (λ−, λ+) for some p-periodic a, b. Then for
any constant τ large enough the operator Tτ defined by (3.1), (3.2) has exactly one eigenvalue
µτ in the gap I such that
µτ = µ+
c(µ)
τ
+
O(1)
τ 2
as τ →∞, (3.15)
where c(µ) = 2Fo(µ)
apϕ′p(µ)
6= 0. Moreover, if J+ has a resonance on the interval I2 = (λ−, λ+)
on the second sheet of the operator J+, then for any constant τ large enough the operator Tτ
defined by (3.1), (3.2) has not any eigenvalue in the gap I.
Proof. Using (3.14), (3.11) we rewrite the Wronskian w(λ) in the gap γn ⊂ L in the form
w(λ) = m+(λ)− ap
z
=
Fo(λ)− b(λ)
ϕ(1, λ)
− apz1(λ),
z1(λ) = t+
√
t2 − 1, t = λ− τ
2
, λ ∈ γn ⊂ L,
(3.16)
since zz1 = 1, and
z1(λ) = t +
√
t2 − 1 = λ− τ − O(1)
τ
, as τ →∞, λ ∈ L,
(−1)nb(λ) =
√
F2(λ)− 1 > 0, if λ ∈ γn ⊂ L.
(3.17)
The eigenvalues of Tτ are zeros of the Wronskian w(λ), given by (3.16), on the domain L.
Consider the two functions m+(λ) and z1(λ) on the gap (λ
−, λ+), where τ → ∞. The point
µ ∈ I is an eigenvalue of the operator J+. Then due to (2.9) we have F2o(µ) = b2(µ) 6= 0 and
Fo(µ) = −b(µ) 6= 0 since the functions m+(λ) has the pole at µn ∈ γ1n. Then the function
m+(λ) is a meromorphic in the disk {λ ∈ Λ1 : |λ − µ| < ε} around µ ∈ γ1n and has the
following asymptotics
m+(λ)
ap
=
c(µ)
λ− µ +O(1) as λ→ µ, c(µ) =
2Fo(µ)
apϕ′p(µ)
, (3.18)
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We have also z1(λ) = λ − τ + O(1)τ as τ → +∞ locally uniformly in λ ∈ C. Thus the
equation m+(λ) = z1(λ) has a unique solution µτ → µ as τ → ∞ given by (3.15), since
c(µ)
µτ−µ
= τ − λ+O(1).
Let J+ have a resonance on the interval I
2 = (λ−, λ+) on the second sheet of the operator
J+. Then due to Lemma 2.2 the function m+ is analytic the interval I = (λ
−, λ+) on the first
sheet of the operator J+ and the function m+ is uniformly bounded on [λ
−, λ+]. Then due to
the simple asymptotics (3.11), the Wronskian w = m+ − apz has not any zero on I = (λ−, λ+)
for any constant τ large enough. Thus for any constant τ large enough the operator Tτ defined
by (3.1), (3.2) has not any eigenvalue in the gap I.
Now we prove the main result of this section. Recall that Nm = {1, 2, ..., m}.
Lemma 3.2. i) Let integer p > 2 and let γ > 0. Then there exist p-periodic sequences an, bn
such that all p− 1 gaps in the spectrum of the operator J+ on ℓ2(Z+) are open and satisfy
|γj| = γ, ∀ j ∈ Np−1. (3.19)
In addition, for any points λj ∈ γcj , j ∈ Np−1, exist unique p-periodic sequences an, bn such
that each λj = µ
+
j , is a state of the operator J+.
ii) Let in addition the operator Tτ be given by (3.1) (3.2) and let τ be large enough. If
µ+j ∈ γ1j is an eigenvalue of the operator J+, then the operator Tτ has a unique eigenvalue
µj(τ) on the gap γ
1
j such that for some constant c(µ) 6= 0:
µj(τ)− µ+j =
c(µj)
τ
+
O(1)
τ 2
as τ →∞. (3.20)
If µ+j ∈ γ2j is a resonance of the operator J+ for some ∈ Np−1, then the operator Tτ has not
eigenvalues on the gap γ1j .
Proof of i) follows from Theorem 2.3. The proof of ii) follows from i) and Lemma 3.1.
4. Difference operators on the lattice
4.1. Specific periodic Jacobi operators on the half-line. Consider the Jacobi operator
J+ on ℓ
2(Z+) given by (2.1). Recall that the spectrum of J+ consists of an absolutely continu-
ous part (which is a union of non-degenerate spectral bands σn = [λ
+
n , λ
−
n+1], n = 0, 1, .., p− 1)
plus at most one eigenvalue in each open gap γn = (λ
−
n , λ
+
n ), n ∈ Np−1.
Now we begin to construct a specific Jacobi operator J+. Here we use results about the gap-
lengths mapping from Lemma 3.2 i). Due to these results about the gap-lengths mapping, we
take the coefficients an, bn such that all p− 1 gaps γ1, ..., γp−1 are open in the spectrum of J+
and satisfy
λ+0 = 0, γ = |γ1| = |γ2| = |γ3| = ....|γp−1|. (4.1)
Let Sn =
∑n−1
j=0 |σj |. Thus (4.1) and the estimate (2.3) give
λ−n = γ(n− 1) +Sn, λ+n = γn+Sn, |Sn| 6 4. (4.2)
Due to Lemma 3.2 i) in each gap γn, n ∈ Np−1 of J+ we choose exactly one eigenvalue µ+n by
µ+n = γen ∈ γ1n, en = n− 1 + e1, e1 =
1
4d
. (4.3)
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It is convenient to define the normalized operator Jγ = 1γJ+. Then the spectrum of Jγ
consists of union of bands sn =
1
γ
σn part plus exactly one eigenvalue en =
µ+n
γ
in each open
gap gn =
1
γ
γn. Thus due to (4.1), (4.2) we have
s0 =
σ0
γ
, sn =
σn
γ
= [n +
Sn
γ
, n+
Sn+1
γ
], gn =
γn
γ
,
|s0| 6 4
γ
, |sn| 6 4
γ
, |gn| = 1,
(4.4)
for all n ∈ Np−1, where Sn is defined in (4.2). Thus each spectral band sn is very small and
is very close to the point n and satisfies
dist{sn, n} 6 Sn+1
γ
6
4
γ
, n = 0, 1, ..., p− 1. (4.5)
In each open gap gn, n ∈ Np−1, there exists exactly one eigenvalue en of Jγ such that
en =
µn
γ
. (4.6)
4.2. Difference operators on Z2+. We consider the difference periodic operatorH0 = J1+J2
on the corner Z2+ acting on the functions fx, x = (x1, x2) ∈ Z2+. Here Jj, j = 1, 2 is the p
periodic Jacobi operator on the half-lattice Z+ and given by
(Jjf)m = am−1fm−1 + amfm+1 + bmfm, f0 = 0, m = xj ∈ Z+ = {1, 2, ...}.
We assume that the Jacobi operators J1 and J2 satisfy (4.1)-(4.3) with large gaps in the
spectrum. For a large constant γ we define a new normalized operator Hγ = H0γ = J1+J2γ .
We take the operator Hγ , when the variables are separated. We show that Hγ has bands
which are very small and their positions are very close to the integer n. The union of group
of bands close to the integer n forms a cluster. Between the two neighbor clusters there exists
a big gap. On this gap there exist eigenvalues. We describe these clusters and eigenvalues.
• We define the basic bands S0i,j of the operator Hγ and their clusters K0n by
S0i,j = si + sj , i, j = 0, 1, ...., p− 1, K0n =
⋃
i+j=n
S0i,j, n = 0, 1, ...., 2p− 2, (4.7)
where we define A+B for sets A,B by A+B = {z = x+ y : (x, y) ∈ A×B}. In particular,
we have
K00 = S
0
0,0, K
0
1 = S
0
1,0, K
0
2 = S
0
2,0 ∪ S01,1, ....., (4.8)
If γ is large enough, then due to (4.4), (4.5) we estimate the position of bands S0i,j , their
lengths |S0i,j| and their cluster K0n by
dist{S0i,j, i+ j} 6
2
γ
, dist{K0n, n} 6
2
γ
. (4.9)
• A surface band is created by an eigenvalue ej and a band si of Jacobi operators. We define
the surface bands S1i,j and their clusters K
1
n of the operator Hγ by
S1i,j = ei + sj , i ∈ Np−1, j = 0, 1, 2, 3, ..., K1n =
⋃
i+j=n+1
S1i,j, , n = 0, 1, ...., p. (4.10)
In particular, we have
K10 = S
1
1,0, K1 = S
1
2,0 ∪ S11,1, K12 = S13,0 ∪ S11,2 ∪ S12,1, ..... (4.11)
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The position of the guided bands S1i,j and the cluster K
1
n is given by
S1i,j ∼ (i+ j − 1) + e1 = n+ e1, K1n ∼ n+ e1. (4.12)
• The operator Hγ has eigenvalues Ken, n > 0 with multiplicity n+1 given by
Ken = Ei,j := ei + ej = n + 2e1, e1 =
1
4d
, i+ j = n+ 2, n > 0 (4.13)
for all i, j = 1, 2, ..., p. In particular, we have
Ke0 = E1,1, K
e
1 = E1,2 = E2,1, K
e
3 = E1,3 = E2,2 = E3,1, .... (4.14)
• Thus we can describe σac(Hγ) and σdisc(Hγ) by
σac(Hγ) = ∪n>0(K0n ∪K1n), σdisc(Hγ) = ∪n>0Ken, (4.15)
where
K0n ∼ n, K1n ∼ n+ e1, Ken = n+ 2e1. (4.16)
We have two types of band clusters K0j and K
1
j . These clusters are separated by gaps. Now
combining all estimates (4.7)-(4.16) we deduce that there exists an interval In such that
In = [K
e
n − r,Ken + r], σac(Hγ) ∩ In = ∅, where r =
e1
2
=
1
8d
, (4.17)
for some γ > 0 large enough. Thus the spectral interval In,γ = γIn satisfies
In,γ = γIn = [γ(K
e
n − r), γ(Ken + r)], dist{In,γ, σac(H0)} > 3. (4.18)
Then interval In,γ ∩ σac(H0) = ∅ and the operator H0 has the eigenvalue γKen ∈ In,γ of
multiplicity n + 1. Moreover, the interval In,γ does not contain other spectrum and to the
right and to the left of it there is a essential spectrum. In fact we have proved Theorem 1.1
ii) for the case H0.
4.3. Difference operators on Z3+. We consider difference operators J = J1 + J2 + J3 on
the corner Z3+ and acting on the functions fx, x = (x1, x2, x3) ∈ Z3+. Here Jj, j = 1, 2, 3 is the
p periodic Jacobi operator on the half-line Z+ and given by
(Jjf)m = am−1fm−1 + amfm+1 + bmfm, f0 = 0, m = xj ∈ Z+.
We assume that the Jacobi operators Jj satisfy (4.1)-(4.3) with large gaps in the spectrum.
For large constant γ we define a new normalized operator by
Jγ = J
γ
=
J1 + J2 + J3
γ
= J1,γ + J2,γ + J3,γ, Jj,γ =
Jj
γ
.
• We define basic bands S0i,j,k of the operator Jγ and their clusters K0n, n = 0, 1, .... by
S0i,j,k = si + sj + sk, i, j = 0, 1, 2, .., k ∈ Np−1, K0n =
⋃
i+j+k=n
S0i,j,k, (4.19)
and in particular,
K00 = S
0
0,0,0 = s0 + s0 + s0, K
0
1 = S
0
0,0,1, K
0
2 = S
0
0,0,2 ∪ S00,1,1, ....
Recall that we define A +B for sets A,B by A +B = {z = x + y : (x, y) ∈ A× B}. Similar
to 2-dim case we deduce that
S0i,j,k ∼ i+ j + k, K0n ∼ n, ∀ n = 1, 2, ..., N. (4.20)
In 3-dimensional case we have two types of the surface bands S1i,j,k and S
2
i,j,k.
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• The first type of surface bands. We define the surface bands S1i,j,k of the operator Jγ
and their clusters K1n, n = 1, 2, .... by
S1i,j,k = si + sj + ek, K
1
n =
⋃
i+j+k=n+1
S1i,j,k, i, j = 0, 1, 2, .., k ∈ Np−1. (4.21)
The position of surface bands S1i,j,k and their clusters K
1
n are given by
S1i,j,k ∼ i+ j + k − 1 + e1 = n− 1 + e1, K1n ∼ n− 1 + e1. (4.22)
These clusters are separated by gaps. Thus we have
K11 = S
1
0,0,1, K
1
2 = S
1
0,0,2 ∪ S10,1,1, K13 = S10,0,3 ∪ S10,1,2 ∪ S11,1,1, .... (4.23)
• The second type of surface (guided) bands. We define the surface (guided) bands
S2i,j,k of the operator Jγ and their clusters K2n, n = 0, 1, .... by
S2i,j,k = ei + ej + sk, K
2
n =
⋃
i+j+k=n+2
S2i,j,k, i, j ∈ Np−1, k = 0, 1, 2, ... (4.24)
The positions of the surface bands S2i,j,k and the cluster K
2
n are given by
S2i,j,k ∼ i+ j − 2 + 2e1 + k = n+ 2e1, K2n ∼ n + 2e1. (4.25)
These clusters are separated by gaps. Thus we have
K20 = S
2
1,1,0, K
2
1 = S
2
1,1,1 ∪ S22,1,0, K22 = S23,1,0 ∪ S22,1,1 ∪ S21,1,2, ..... (4.26)
• Eigenvalues. Due to (4.6) the operator Jγ has eigenvalues Ken given by
Ken = ei+ ej + ek = i+ j + k− 3+ 3e1 = n+3e1, i, j, k ∈ Np−1, i+ j + k = n+3, (4.27)
n = 0, 1, ... The sets σac(Jγ) and σdisc(Jγ) are given by
σac(Jγ) = ∪n>0(K0n ∪K1n ∪K2n), σdisc(Jγ) = ∪n>1Ken. (4.28)
Later on we repeat the consideration for the case d = 2.
4.4. Specific 1dim half-solid potentials. Consider the Jacobi operator as a half-solid
model in Z. In this case we consider the Jacobi operator Tτ on ℓ
2(Z) given by
(Tτf)x = ax−1fx−1 + axfx+1 + bxfx, x ∈ Z. (4.29)
Let τ be large enough and the coefficients ax, bx satisfy{
a0, ax, bx, are p− periodic x > 1,
ax = 1, bx = τ = b0, x 6 −1
(4.30)
Let an integer p > 2 be large enough. Due to Lemma 3.2 for large γ > 1 we obtain that there
exists p-periodic ax, bx, x > 1 sequences such that (4.1) holds true. Thus by (3.5)-(3.7), all
gaps γj , j ∈ Np−1 in the spectrum of the operators J+ and Tτ are open. Moreover, there exists
an eigenvalue µ˜j(τ) of Tτ in each this gap γj and they satisfy
µ˜j(τ) ∈ γj |γj| = γ, ∀ j ∈ Np−1, (4.31)
σac(Tτ ) = σac(J+) ∪ σ˜, σac(J+) = σ0 ∪ σ1 ∪ ....σp−1, σ˜ = [τ − 2, τ + 2]. (4.32)
Here the bands σ0, σ1, ....σp−1 are separated by gaps γj, j ∈ Np−1 and the bands σp−1 and σ˜
are separated by a gap γ˜p = (λ
+
p , τ − 2) and each eigenvalue µn(τ) satisfies (3.20).
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Define a new normalized operator Tτ,γ =
1
γ
Tτ . From the properties of Tτ we deduce that
the spectrum of Tτ,γ consists of an absolutely continuous part
σac(Tτ,γ) =
p⋃
n=0
sn, sn =
σn
γ
, n ∈ Np−1, sp = σ˜
γ
, (4.33)
plus at most one eigenvalue in each non-empty finite gap gn, n ∈ Np, given by
gn =
γn
γ
, n ∈ Np−1,
and they satisfy (4.4)-(4.6). In each gap gn, n ∈ Np−1, there exists exactly one eigenvalue e˜n
given by
e˜n =
µ˜n
γ
= en + εn, en = n− 1 + 1
4d
, |εn| 6 1
γ
, n ∈ Np−1, (4.34)
since τ > 1 is large enough. Thus roughly speaking the spectrum of the operators Tτ,γ on
ℓ2(Z) and Jγ ( on ℓ2(Z+)) is the same on the interval [0, λ+p ]. They have the same bands
σ0, σj, j ∈ Np−1 and the same gaps γj, j ∈ Np−1. Moreover, their eigenvalues e˜j and ej in each
gap γj are very close, since we take τ large enough.
4.5. Model difference operators on Z2. We consider difference operators H0 = Tτ,1+Tτ,2
on the lattice Z2, where Tτ,1, j = 1, 2 is the Jacobi operator on the lattice Z, discussed in
Subsection 4.4. The spectrum of Tτ,j and Jτ,j are similar on the interval [λ
+
0 , λ
+
p ]. Then the
spectrum of the sum Tτ,1+ Tτ,2 is similar to the spectrum of J1+ J2 on the interval [λ
+
0 , 2λ
+
p ].
The proof repeats the case J1+ J2. Moreover, using similar arguments we prove Theorem 1.1
for the operator T = Tτ,1 + Tτ,2. The proof for the case Z
d, d > 3 is similar.
4.6. Model difference operators on Z+×Z. Consider the operator H0 = J1+ Tτ,2 on the
half-lattice Z+ × Z, where the operator J1 acts on the half-line and depends on one variable
x1 ∈ Z+; the operator Tτ,2 (depending on one variable x2 ∈ Z) acts on Z and given by (4.29),
(4.30) and the constant τ > 1 is large enough. The spectrum of Tτ,2 and J1 are similar on the
interval [λ+0 , λ
+
p ] for p, τ large enough. The proof repeats the case J1 + J2. Moreover, using
similar arguments we prove Theorem 1.1 for the operator H0 = J1 + Tτ,2.
5. Proof of main Theorems
Proof Theorem 1.1 i) We consider an operator H+ = −∆+V on R2+, where the potential
V ∈ ℓ∞(Z2+) is octant periodic, the proof for other cases is similar. Without loss of generality,
we assume that V is (pZ)2 -periodic for some p > 1. Let H = −∆+V on Z2. Define functions
gn ∈ ℓ∞(Z+) and Gn ∈ ℓ∞(Z2+), n > 1 by:
gn|wn = 1, gn|Z+\wn = 0, wn = [4n, 4n + n+ 1], wn ∩ wn+1 = ∅,
Gn(x) = gn(x1)gn(x2), x = (x1, x2) ∈ Z2, suppGn ⊂ Z2+.
(5.1)
Let T = Z2/(pZ)2. For any λ ∈ σ(H) there exists a function ψx = ei(k,x)u(x, k), which satisfies
(−∆+ V (x))ψx(k) = λψx(k), ∀ x ∈ Z2,
u(·, k) ∈ ℓ2(T ),
∑
x∈T
|u(x, k)|2 = 1, (5.2)
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see [11] for some k ∈ R2. For this fix k ∈ R2 we define the sequence fn(x) = 1cnGn(x)ψx,
where cn > 0 is given by
c2n =
∑
x∈Z2
+
|Gn(x)ψx(k)|2.
The function u(x, k) is (pZ)2 periodic, then due to (5.2) we obtain
c2n =
∑
x∈Z2
|Gn(x)ψx(k)|2 = n2 +O(n) (5.3)
as n→∞. Thus the sequence fn satisfies
1) ‖fn(·, k)‖ = 1 and ∆fn ∈ ℓ2(Z2+), for all n ∈ N,
2) fn ⊥ fm for all n 6= m, and fn → 0 weakly as n→∞.
Thus λ ∈ σess(H+), which yields (1.6), since standard arguments imply
‖(H+ − λ)fn‖ = ‖(H − λ)fn‖ → 0 as n→∞.
We prove ii) for the case D = Z2+ and N > 1, the proof of other cases is similar. Consider
the operator H0 = J1 + J2, where J1 + J2 is the described in Subsection 4.2 and J1, J2 are
the Jacobi operator on Z+. We assume that they have the properties in (4.1)-(4.5) for some
p-periodic sequences (an, bn) ∈ R+ × R. Due to (4.18) for each n the operator H0 has the
eigenvalue E = γ(n + 2e1) of multiplicity n+ 1 and the the interval In,γ such that
In,γ = γIn = [E − γr, E + γr], Iγ,r ∩ σac(H0) = ∅, where r = e1
2
.
Moreover, the interval In,γ does not contain other spectrum and to the right and to the left
of it there is a essential spectrum. In fact we have proved ii) for the case H0.
We consider an operator Hε = H0 + εW on ℓ
2(R2+) and W is the multiplication operator.
Here Hε is the difference operator on the quadrant Z
2
+ with the Dirichlet boundary conditions
on the boundary ∂Z2+ with octant periodic coefficients. We assume that the perturbation W
satisfies
W =
2∑
i=1
(a˜iUi + U−ia˜
i) + V˜ ,
‖V˜ ‖ℓ∞(Z2
+
) + ‖a˜1‖ℓ∞(Z2
+
) + ‖a˜2‖ℓ∞(Z2
+
) 6 1,
(5.4)
where (Uif)x = fx+ei and (U
∗
i f)x = fx−ei for f = (fx) ∈ ℓ2(Z2+) and i = 1, 2. We also assume
that a˜i > 0 and V˜ are the octant periodic functions on Z2+. Thus we obtain
‖W‖ 6 5. (5.5)
We define contours c = {λ ∈ C : |λ − E| = 2}. Due to (4.17) the operator H0 has an
eigenvalue E = n + 2e1 ∈ Iγ,r of multiplicity n + 1 inside the contours c. Using the simple
identities we deduce that the resolvents R0(ζ) = (H0 − ζ)−1 and Rε(ζ) = (Hε − ζ)−1 satisfy
‖Rε(ζ)‖ 6 2, ‖R0(ζ)‖ 6 1,
‖Rε(ζ)−R0(ζ)‖ 6 5ε‖R0(ζ)‖‖Rε(ζ)‖ 6 10ε (5.6)
for all ζ ∈ c since dist{σ(Hε), E ± 1} > 1− 5ε > 12 . Then we obtain
P (ε) = − 1
2πi
∫
c
Rε(ζ)dζ,
Rε(ζ) = R0(ζ)− R0(ζ)εWRε(ζ),
(5.7)
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which yields ‖P (ε)−Pn(0)‖ < 1. Thus the projectors P (ε) and P (0) have the same dimension
n+1 for all ε > 0 small enough. We use similar arguments in order to show that to the right
and to the left of the interval [E − 1, E + 1] there is spectra and its corresponding subspaces
have infinite dimension.
Acknowledgments. This work was supported by the RSF grant No. 18-11-00032. We thank Natalia
Saburova for Fig. 2.
References
[1] Ando, K. Inverse scattering theory for discrete Schro¨dinger operators on the hexagonal lattice, Ann.
Henri Poincare´, 14 (2013), 347–383.
[2] Ando, K; Isozaki, H.; Morioka, H. Spectral properties of Schro¨dinger operators on perturbed lattices,
Ann. Henri Poincare, 17 (2016), 2103–2171.
[3] Ando, K.; Isozaki, H.; Morioka, H. Inverse scattering for Schro¨dinger operators on perturbed lattices,
Ann. Henri Poincare, 19 (2018), 3397–3455
[4] A. Boutet de Monvel; J. Sahbani, On the spectral properties of discrete Schro¨dinger operators : (The
multi-dimensional case), Review in Math. Phys., 11 (1999), 1061-1078.
[5] Colquitt, D.J.; Nieves, M.J., Jones, I.S.; Movchan, A.B., and Movchan, N.V., Localization for a line
defect in an infinite square lattice, Proc. R. Soc. A, 469 (2013), 20120579.
[6] Davis, E.; Simon, B. Scattering systems with different spartial asymptotics on the left and right,
Commun. math. Phys. 63(1978), 277–301.
[7] Hempel, R.; Kohlmann, M. A variational approach to dislocation problems for periodic Schro¨dinger
operators. J. Math. Anal. Appl. 381 (2011), no. 1, 166–178.
[8] Hempel, R.; Kohlmann, M. Spectral properties of grain boundaries at small angles of rotation. J.
Spectr. Theory 1 (2011), no. 2, 197–219.
[9] Hempel, R.; Kohlmann, M.; Stautz, M.; Voigt, J., Bound states for nano-tubes with a dislocation. J.
Math. Anal. Appl. 431 (2015), no. 1, 202–227.
[10] Hundertmark, D.; Simon, B. Lieb-Thirring Inequalities for Jacobi Matrices, Jour. Approx. Theory, 118
(2002), 106–130.
[11] Gieseker, D.; Kno¨rrer, H.; Trubowitz, E. The geometry of algebraic Fermi curves. Perspectives in
Mathematics, 14. Academic Press, Inc., Boston, MA, 1993.
[12] Iantchenko, A.; Korotyaev, E. Periodic Jacobi operator with finitely supported perturbation on the
half-lattice, Inverse Problems, 27(2011), No 11, 26 pp.
[13] Iantchenko, A.; Korotyaev, E. Periodic Jacobi operator with finitely supported perturbations: the
inverse resonance problem, J. Differential Equations, 252(2012), No 3, 2823–2844.
[14] Iantchenko, A.; Korotyaev, E. Resonances for periodic Jacobi operators with finitely supported pertur-
bations, Journal of Mathematical Analysis and Applications, 388( 2012), No 2, 1239–1253.
[15] Isozaki, H. ; Korotyaev E. Inverse Problems, Trace formulae for discrete Schro¨dinger Operators, Annales
Henri Poincare, 13(2012), No 4 , 751–788.
[16] Korotyaev, E.; Krasovsky, I. V. Spectral estimates for periodic Jacobi matrices. Comm. Math. Phys.
234 (2003), no. 3, 517–532.
[17] Isozaki, H.; Morioka, H. A Rellich type theorem for discrete Schro¨dinger operators, Inverse Prob.
Imaging 8 (2014), 475–489.
[18] Jaksic, V.; Last, Y. Surface states and spectra. Comm. Math. Phys. 218 (2001), no. 3, 459–477.
[19] Kittel, C. Introduction to solid state physics. New York: Wiley, 1995.
[20] Kopylova, E.A. Dispersive estimates for discrete Schro¨dinger and Klein-Gordon equations, St. Peters-
burg Math. J., 21 (2010), 743–760.
[21] Korotyaev, E. Schro¨dinger operator with a junction of two 1-dimensional periodic potentials. Asymptot.
Anal. 45 (2005), no. 1-2, 73–97.
[22] Korotyaev, E. Lattice dislocations in a 1-dimensional model. Comm. Math. Phys. 213 (2000), no. 2,
471–489.
[23] Korotyaev, E. Gap-length mapping for periodic Jacobi matrices, Russ. J. Math. Phys. 13(2006), no.1,
64–69.
EIGENVALUES OF PERIODIC DIFFERENCE OPERATORS ON LATTICE OCTANT 17
[24] Korotyaev, E. Inverse problem and the trace formula for the Hill operator. II. Math. Z. 231 (1999), no.
2, 345–368.
[25] Korotyaev, E.; Kutsenko, A. Zigzag nanoribbons in external electric fields, Asympt. Anal. 66 (2010),
no. 3–4, 187–206.
[26] Korotyaev, E.; Kutsenko, A. Zigzag nanoribbons in external electric and magnetic fields. Int. J. Comput.
Sci. Math. 3 (2010), no. 1–2, 168–191.
[27] Korotyaev, E.; Kutsenko, A. Zigzag and armchair nanotubes in external fields, Differential Equations:
Advances in Mathematics Research, Volume 10 (2010) Nova Science Publishers, Inc. 273–302.
[28] Korotyaev, E.; Moller J. S. Weighted estimates for the discrete Laplacian on the cubic lattice, preprint
arXiv:1701.03605.
[29] Korotyaev, E.; Saburova, N. Scattering on periodic metric graphs, arXiv:1507.06441.
[30] Korotyaev, E.; Saburova, N. Schro¨dinger operators with guided potentials on periodic graphs, Proceed-
ings of the American Mathematical Society, 145(2017), No 11, 4869–4883.
[31] Korotyaev, E.; Saburova, N. Laplacians on periodic graphs with guides, Journal of Mathematical
Analysis and Applications, 455 (2017), No 2, 1444–1469.
[32] Kostrykin, V.; Schrader, R. Regularity of the surface density of states. J. Funct. Anal. 187 (2001), no.
1, 227–246.
[33] Korotyaev, E.; Krasovsky, I. V. Spectral estimates for periodic Jacobi matrices. Comm. Math. Phys.
234 (2003), no. 3, 517–532.
[34] Korotyaev, E.; Moller J.S. Schro¨dinger operators periodic in octants, arXiv:1712.08893.
[35] Kutsenko, A. Wave propagation through periodic lattice with defects, Comput. Mech. 54 (2014), 1559–
1568.
[36] Kutsenko, A. Algebra of 2D periodic operators with local and perpendicular defects, J. Math. Anal.
Appl. 442.2 (2016), 796–803.
[37] Last, Y. On the measure of gaps and spectra for discrete 1D Schro¨dinger operators. Commun. Math.
Phys., 149(1992), 347-360.
[38] Nakamura, S. Modified wave operators for discrete Schro¨dinger operators with long-range perturbations,
J. Math. Phys. 55 (2014), no. 11, 112101, 8 pp..
[39] Osharovich, G.G.; Ayzenberg-Stepanenko, M.V. Wave localization in stratified square-cell lattices: The
antiplane problem, J. Sound Vib., 331 (2012), 1378–1397.
[40] Parra, D.; Richard, S. Spectral and scattering theory for Schro¨dinger operators on perturbed topological
crystals Rev. Math. Phys. 30(2018), 1850009.
[41] Percolab. L. The inverse problem for the periodic Jacobi matrix. Teor. Funk. An. Pril., 42 (1984),
107–121.
[42] Rosenblum, G.; Solomjak, M. On the spectral estimates for the Schro¨dinger operator on Zd, d > 3,
Problems in Mathematical Analysis, No. 41, J. Math. Sci. N. Y. 159 (2009). 241–263.
[43] Shaban,W.; Vainberg, B. Radiation conditions for the difference Schro¨dinger operators, J. Appl. Anal.
80 (2001), 525–556.
[44] Sasaki, I.; Suzuki, A. Essential spectrum of the discrete Laplacian on a perturbed periodic graph,
446(2017), No 2, 1863–1881.
[45] Toda, M. Theory of Nonlinear Lattices, 2nd. ed., Springer, Berlin, 1989.
Saint-Petersburg State University, Universitetskaya nab. 7/9, St. Petersburg, 199034,
Russia, korotyaev@gmail.com, e.korotyaev@spbu.ru,
